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Chapter1

LOGICAL FOUNDATION OF
MULTICRITERIA PREFERENCEAGGREGATION

RaymondBisdorff
Dpt. desEtudesenGestionet enInformatique
CentreUniversitairedeLuxembourg

Abstract In thischapter, wewouldliketoshow BernardRoy’scontributiontomoderncom-
putationallogic. Thereforewefirst presenthis logicalapproachfor multicriteria
preferencemodelling.Here,decisionaidis baseduponarefinedmethodological
construction,thatprovidesthe family of criteriawith importantlogical proper-
tiesgiving accessto theconcordanceprincipleusedfor aggregatingpreferential
assertionsfrom multiplesemioticalpointsof view. In asecondsection,weintro-
ducethesemioticalfoundationof theconcordanceprincipleandpresenta new
formulationof theconcordanceprinciplewith itsassociatednecessarycoherence
axiomsimposedon thefamily of criteria. This new methodologicalframework
allowsus,in athird part,to extendtheclassicalconcordanceprincipleandits as-
sociatedcoherenceaxiomsimposedonthefamily of criteria– first to potentially
redundantcriteria,– but alsoto missingindividual evaluationsandevenpartial
performancetableaux.

Keywords: Multicriteria preferencemodelling,Electredecisionaid methods,concordance
principle

Foreword

Let methankbeforehandtheeditorsfor having invited meto contribute to
thisbookin honourof BernardRoy. WhenI obtainedin summer1975a three
yearsNATO fellowship in OperationsResearch,I got theopportunityto join,
apartfromseveraluniversitiesin theUSA,two EuropeanORlaboratories.One
wasdirectedby H.-J.Zimmermannin Aachenandtheotherby BernardRoy
in Paris. Having mademy under-graduatestudiesin Li ège(Belgium),I knew
well thenearbyGermancity of AachenandI decidedthereforeto preferablygo
to Parisandjoin BernardRoy atthenewly foundedUniversit́eParis-Dauphine.
It is only laterthatI realizedhow importantthis innocentchoicewould befor
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my scientificcareer. Indeed,I joinedtheLAMSADE, Roy’s OR laboratory, at
amomentof greatscientificactivities. Wemayrememberthat1975is thebirth
yearof EURO, the Federationof EuropeanOR Societieswithin IFORSand
morespecificallythebirth yearof theEURO Working Groupon Multicriteria
DecisionAid coordinatedbyBernardRoy sothatI becameanactiveparticipant
in the birth of the EuropeanSchoolin OperationsResearch.Onecanbetter
understand25 yearslater that joining theLAMSADE at thatprecisemoment
madean ever lasting positive effect on me. May Bernardrecognizein this
contribution, a bit of thescientificenthusiasmhehascommunicatedto all his
collaborators. Indeed,I rarely met any otherpersonof sucharguing clarity
whentrying to matchformal logical constructionswith pragmaticoperational
problemswhich often, if not always,appearuncertainandfuzzy in nature. It
is my ambitionin thischapterto continuewith this tradition.

R.Bisdorff, June2001

1. Intr oduction
”Du point de vue de la connaissance,noussommescapablesde connâıtre une
choseaumoyendesonesp̀eceetnoussommesincapablesdela nommersi nous
ne la connaissonspas;par conśequent,si nousémettonsunevox significativa,
c’estquenousavonsunechosèal’esprit.” (UmbertoEco,Kantetl’ornithorynque
[11, p.437])

In this chapter, we would like to show BernardRoy’s contribution to mod-
ern computationallogic. Indeed,his original logical approachto preference
modellingvia the concordanceprinciple may be seenas fruitful attemptfor
answeringfrom a logicalpointof view cognitive questionssuchas: ‘”How do
we know preferences”and”What will beif a preferentialsituationis believed
to betrue”. Thushehastakena somehow orthogonalpositionwith respectto
mainphilosophicalandmathematicallogic,whereattentionhasbeenmoreand
moreconcentratedon thedirectrelationbetweenastatementandastateof the
world. By concentratinghis methodologicalwork on this “knowledgability”,
hehascometo exploreby whatmentaloperationsandsemanticstructures,a
decisionmaker is capableof understandingwhatis themeaningof preferential
situationsandin particularof outrankingones.In this sense,hehasshown us
theway of how to naturallyenrichclassicaltruth-functionalsemanticswith a
semioticalfoundation.

Firstwe presentthelogicalapproachfor multicriteriapreferencemodelling
aspromotedbyBernardRoy. Heredecisionaidisbaseduponarefinedmethod-
ological constructionthatprovidesthe family of criteriawith importantlogi-
cal propertiesgiving accessto theconcordanceprincipleusedfor aggregating
preferentialassertionsfrommultiplesemioticalpointsof view. Generally, these
propertiesarediscussedvia representationtheoremsshowing thekindof global
preferencemodelsthatit is possibleto constructfrom acoherentfamily of cri-
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teria(see[10, 9, 12]). In thiscontribution weshallhoweverconcentrateonthe
logical foundationof theconcordanceprincipleasrevealedby thesemioticsof
Roy’s methodology.

In asecondsection,wewill thereforeintroducethesemioticalfoundationof
theconcordanceprincipleandpresentanew formulationof it with itsassociated
necessarycoherenceaxiomsimposedon thefamily of criteria. A mainresult,
a priori a negative one,will be to make even moreapparentthe well known
Achilles’ heel of the concordanceprinciple, i.e. the necessarilynumerical
(cardinal)assessmentof theimportanceweightsassociatedwith thefamily of
criteria.

But our methodologicalframework will allow us in a third part, and this
wasour mainmotivation for undertakingthis research,to extendtheclassical
concordanceprinciple and its associatedcoherenceaxioms imposedon the
family of criteria– first to potentiallyredundantcriteria,– but alsoto missing
individualevaluationsandevenpartial performancetableaux. Theseextensions,
wehope,shouldhelpmakingtheconcordanceprincipleandtherebythelogical
approachto preferencemodellingaspromotedby B. Roy moreconvincing for
applicationsin decisionaid.

2. How to tell that a preferential assertionis true?

In this sectionwe presenttheconstructive approachto multicriteriaprefer-
encemodellingproposedby BernardRoy (see[17, 18]). In orderto describe
thepreferencesa decisionmaker might expressconcerninga givensetof de-
cision actions,we consideressentiallythe multiple pragmaticconsequences
they involve. On thebasisof theseconsequenceswe introducea family of cri-
terion functionsfor partial truth assessmentof desiredpreferentialassertions,
namelyoutrankingsituations. Aggregatingmultiplepartialtruthassessmentsof
theseoutrankingassertionswill beachievedvia theconcordanceprinciple. To
giveadequateresults,thisconcordanceprincipleimposesnecessarycoherence
propertieson theunderlyingfamily of criteria.

2.1. Describingdecisionaction’s consequencesfr om
multiple points of view

Weassumeatthisplacethatin agivendecisionproblem,aset
�

of potential
decisionactionshasbeendefinedandrecognizedby theactualdecisionmaker.
Our main interestgoesnow to describingthe decisionmaker’s preferences
concerningthesedecisionactions.In ourdiscussionwerestrainour interestto
preferencesexpressedaspairwiseoutranking, i.e. ” to beat leastasgoodas”
situationson

�
.

In a constructivepragmaticway, Roy statesthat ”every effect or attribute
characterizingagivendecisionaction ��� � whichcouldinterferewith theop-
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erationalgoalsor theethicpositionof thedecision-maker asaprimaryelement
to elaborate, justify or transformhis/herpreferencesis calleda consequence
of � ” (Roy [17]).

Definition 1. Tospeakof all possiblesuchconsequencesof thedecisionactions�
beforeany formal decision-aidactivity hasbeengoingon, Roy introduces

theconceptof cloudof consequencesdenoted��� ��� .
Modellingthiscloudof consequencesconsistsfirst in identifyingelementary

consequences, i.e. semanticallywell recognizedeffectsor attributeswith well
definedandobservablestatesdescribingtheconsequencesthatwould occurif
apotentialdecisionaction � is goingto beexecuted.

A strongpragmaticcommitmentis takenhereby Roy with respectto what
kind of consequenceswill containthe formal model of the cloud of conse-
quences.Indeed,novagueimpressions,intuitionsor beliefsaresupposedto be
takeninto account.

Being principally interestedin capturingan adequatesemioticalreference
of preferentialassertions,Roy restrictshis attentionto suchelementaryconse-
quencesthatsupportapreferencedimension.

Definition 2. A preferencedimension	 isanelementaryconsequencesuchthat
thesetof its possiblestatesmaybeorganizedasa preferencescale 
�� , i.e. a
totalorder �
������ � with thefollowing property: consideringtwo idealdecision
actions� and � which maybecomparedexactly with thehelpof two states�
and ��� of 
 � , then � and � areconsideredindifferent iff ������� , whereas� is
consideredto bepreferredto � if f ����� � .

Thecompletesetof preferencedimensionson which all elementaryconse-
quencesof all the decisionactionsmay be completelyandoperationallyde-
scribedis calledtheconsequencespectra of thedecisionactionsanddenoted� � ��� .

Twoimportantconstructiveimplicationsmaybeoutlinedatthispoint: –first,
thecloudof consequencesis split into agenerallysmallnumberof elementary
consequences,well identifiedandrecognizedaspreferencedimensionsby the
decision-maker; – secondly, eachsuchelementaryconsequencegivessupport
to somekind of independentpreferenceassessmenton the set

�
througha

“toute chosepareille par ailleurs” reasoningprinciple.
Summarizing,wenoticethattheelaborationof aconsequencespectra

� � ���
follows precisemethodologicalrequirements(seeRoy [17, p.220])thatare:

an intelligibility principle: Its componentsmust gatheras directly as
possibleall imaginableconsequencessuchthatthedecisionmakerisable
to understandthemwith respectto eachof the � preferencedimensions.
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an universality principle: The componentsmustideally cover all pref-
erencedimensionsthat reflect fundamentalandunanimousoutranking
judgmentsconcerningthesetof all decisionactionsin

�
.

2.2. Partial truth assessmentof outranking assertions

Following theexhaustive formaldescription
� �� � of theindividualmultiple

consequencesof a decisionaction ��� � , Roy now introducestheconceptof
criterion function.

Definition 3. A criterionfunction �! �#"%$
is a real-valuedfunction,defined

on the set of potentialdecisionactions
� � which capturesoperationallythe

preferentialdescriptionof adeterminedpart
�'& � ��� of theconsequencespectra,

calledthesupportof � . Suchacriterionfunctionverifiesthereforethefollowing
operationalconditions:

Thenumber�(�� � isdefinediff thesub-cloudof consequences� & �� � taken
into accountby thecriterionfunction � is effectively evaluatedin agiven
sub-spectra

� & �� � .
Thedecision-maker recognizestheexistenceof a significantpreference
dimensionwith respectto which two decisionactions � and � may be
comparedrelatively to theonlyconsequencescoveredby

��& �� � and(s)he
acceptsto modelthis comparisonasfollows1:�(�� �')+*-, �(�.� �0/ �21 & �3�
where

* � $!4 representsapossibleindifferencethresholdand 1 & stands
for thesemioticalrestrictionof anoutrankingrelation 1 to thesub-spectra��& �� � coveredby criteria � .

Roy is using the conceptof ’criterion’ in the senseof a formal basis,a
modelfor supportingpreferentialjudgments.For any two decisionactions�
and � , a given criterion function � allows to warrant truth or falsenessof the
globaloutrankingassertion’ �515� ’ with respectto a recognizedpart

� & �� � of
theconsequencespectracoveredby criterion � .
Definition 4. A family 6 ofcriteria constitutesafinitesetof criterionfunctions
that cover the whole consequencespectra

� �� � ��7(�0� �
. Evaluatingall

decisionactionson sucha family of criteria resultsin a performancetableau8 �9� � �:6 � , i.e. a two-way tablerepresenting�(�� � for eachdecisionaction�-� � oneachcriterionfunction �;�<6 .

1Neglectingin thisdefinitionapossibleindifferencethreshold,Roy usesnormallyasingleimplication. But
we preferto work with a doubleimplication asit allows to captureat thesametime the semanticsof the
negatedassertion.
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Here, the term ’family’ refersto the fact that the consideredset of crite-
rion functionssupportsexhaustively thepragmaticpreferencesof thedecision-
maker. More generally, we noticein Definition 3 that theuniversalassertion
’ �=15� ’ is truth or falsenesswarrantedfrommultiplepointsof view depending
on the decompositionof its cloud of consequencesinto separatedpreference
dimensions.

2.3. The concordanceprinciple

A given performancetableau
8 �>� � �:6 � , involving a set

�
of decision

actionsanda family 6 of criteria,allows apartialtruthassessmentof pairwise
outrankingsituationsalongall individualcriterion. It is therefinedconstructive
methodologythatgivesthedecisionmaker theability to clearlyacknowledge
suchpartialoutrankingsituationson behalfof theperformances.

In order to aggregatenow thesepartial outrankingassertions,we needto
considerthe significance,eachindividual criterion takes in the eyes of the
decisionmaker, forassessingthetruthof thecorrespondinguniversaloutranking
situation.

Definition 5. Let
8 �0� � �:6 � beagivenperformancetableauandlet ? & �<@ 4 ,

measurenumericallythesignificance,criterion �A�+6 takesin theeye of the
decisionmaker with resectto thetruth assessmentof theuniversaloutranking
situation.Let ?CB denotetheuniversalclosureof thesignificanceweightsover
thewholefamilyof criteria,i.e. ? B �#D &�E B �.? & � . Wedenote6 4 , thesubsetof
criteriathatclearlysupportthetruthfulnessof agivenoutrankingassertionand
wedefinethecredibility FG��=1=� � of theuniversaloutrankingassertion’ �=1H� ’ as
follows: FG��515� � �JI&�E B�K L ? &? B�MCN
If FG��51 & �O� �=,�PQ , ’ �=15� ’ is consideredto bemoreor lesstrue.

Thecredibility of theuniversaloutrankingsituationis computedasthesum
of the relative weight of the subset6 4 of criteria confirmingtruthfulnessof
thisassertion.If amajorityof criteriais concordantaboutsupportingthegiven
outrankingsituation,it maybeaffirmedtobemoreor lesstruedependingonthe
effectivemajority it obtained.Following Roy, this logical concordanceprinci-
plemaybeinterpretedasavotingmechanismin favourof thetruthconcerning
a given outrankingassertion,eachcriterion �R�S6 participatingin thevoting
with anumberof votersequivalentto theamount? & of knowledgeconcerning
thetruthassessmentit supports.
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2.4. Necessarycoherenceof the family of criteria

The performancetableau,representinga syntheticdescriptionof the con-
sequencespectra,thusappearsasan essential,but alsovery difficult stepin
a practicaldecisionaid problem. Indeed,aspointedout by Roy (see[17] p.
310),besidesacognitive problemof acceptanceof thecriteriaby thedecision-
maker, therearethefollowinglogicalrequirementstorespectwhenconstructing
a family of criteria:

Exhaustivityof the family of criteria: All individual consequences,out
of
� �� � and

� �.� � for two decisionactions� and � andof relevancefor
their mutualcomparisonin termsof preferenceor indifference,have to
betaken into account.This requirementtakesits origin in theuniversal
closureof therelative significanceweightsof thecriteriaover thewhole
family of criteriausedin Definition5.

Cohesionbetweenlocal preferences,modelledat the level of the indi-
vidualcriterion,andglobalpreferencesmodelledby thewholefamily of
criteria: Globalpreferencejudgmentsmustcoherentlyreflectthemselves
whentransposedinto individualcriteriabasedpreferences.Thedecision
maker recognizesaclearuniversaloutrankingsituation�T�=1H�U� whenever
theperformancelevel of action� is significantlybetterthanthatof action� on oneof the criteria of positive significance,performancelevels of
theseactionsstayingthe sameon eachof the remainingcriteria. This
requirementguaranteesseparabilityof theindividual preferencedimen-
sionswhich in term allows the additive computationof the credibility
degrees.

Non-redundancyof the criteria: The family is minimal with respectto
bothprecedingproperties.Againtheimportance,thateachcriterionwill
takein thetruthassessment of anoutrankingsituationviatheconcordance
principle,is coherentlymeasuredonly if noredundantconsequencesare
takeninto account.

Definition 6. A family of criteria,verifying theexhaustivity, thecohesionand
theminimality requirementis calledacoherent family.

Beforediscussingmorethoroughlyin Section3 thesecoherenceproperties
from a semioticalpoint of view, let us first turn our attentionto the logical
denotation,thecredibility calculusasresultingfrom theconcordanceprinciple,
transfersto outrankingassertions.

2.5. Truth assessmentby balancing reasons
”The rule for thecombinationof independentconcurrentargumentstakesavery
simpleform whenexpressedin termsof theintensityof belief ... It is this: Take
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thesumof all the feelingsof belief which would beproducedseparatelyby all
the argumentspro, subtractfrom that the similar sumfor argumentscon, and
the remainderis the feelingof belief which oughtto have thewhole. This is a
proceedingwhich menoften resortto, underthe nameof balancingreasons.”,
(C.S.Peirce,Theprobability of induction, [16]).

Inspiredby Peirce’sproceedingof balancingreasonsasquotedabove,wemay
reformulatetheconcordanceprinciplein thefollowing way:

Definition 7. Let
�

beasetof decisionactionsevaluatedonacoherentfamily
of criteria. Let 1 denoteanoutrankingrelationdefinedon

�
. For all �V�U�W� � ,

let 6 4 denotethesubsetof criteria in favour of theuniversalassertion’ �=1H� ’
and 6YXZ�#6\[A6 4 thecomplementarysubsetin 6 . WedefinethecredibilityF � ��515� � of assertion� �=1H� � asfollows:F � ��51H� � � I&�E B K L ? &?OB�M [ I&�E B^] L ? &?OB�M

Following this definition, the degreeof credibility of an outrankingasser-
tion implementsa rationalfunctionon

�`_a�
varyingbetween[�b and b . IfFc�.��515� � �db thereis unanimityin favourof ’ �515� ’ andif Fe�.��=15� � �0[�b there

is unanimityin disfavour of it. If F � ��=1H� � �gf boththereasonsin favour and
thosein disfavour balanceeachotherandthereappearsno cleardenotational
result.

Definitions5 and7 arelinkedthroughthefollowing proposition.

Proposition 1. Let Fh �i_j�k" l fm��bon and F �  �p_a�`" l [�be��bon represent
the computationof the degreesof credibility of the outranking relation 1 on�

followingDefinition5 respectivelyDefinition7. Thenthefollowing relation
holdsbetweenF and F � : F � �rqcF�[sb (1.1)

Proof. Equation1.1resultsimmediatelyfrom thefollowing development:I&�E B^] L ? &?OB�M �db5[ I&�E B K L ? &?OB�M
Proposition1 evidentlyreliesagainuponthethreepropertiesof thecoherent

family of criteriaandit hasaninterestinglogical corollary.

Corollary 1. Let
�

bea setof decisionactionsevaluatedon a givencoherent
familyof criteria 6 andlet FG��51=� � �t7u�V�U��� � denotethedegreeof credibility
of a pairwiseoutrankingsituationcomputedfollowingDefinition5.

if F2��515� �=,�PQ , then’ �515� ’ is consideredto bemoreor lesstrue,
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if FG��515� � � PQ then’ �515� ’ is considered to be more or lessfalseand
finally,

if F2��515� � � PQ then’ �=1H� ’ is consideredto belogically undetermined.

Proof. The linear transformationof Equation1.1, representingan order iso-
morphismbetweencredibility degreesF and Fc� , givesa faithful transformation
from thetruthdenotationof Definition7 to thetruthdenotationof Definition5,
in thesensethat FG�wv �x, bq / F � �wv �x, f N
In its truthdenotation,theconcordanceprincipleis thereforeisomorphicto the
balancingreasonsproceeding.

It is importantto noticethattherefutationof anoutrankingsituation’ �=1H� ’
in caseweobserveitscredibility tobebelow

PQ , doesnotnecessarilyinducethat
theconverseoutrankingsituation,i.e. ’ �y1=� ’ shouldbeautomaticallyaffirmed.
Onthecontrary, evenwhenwemayobservecompletepreorderson

�
onevery

singlecriterion,theconcordanceprinciplecommonlygeneratesuniversalout-
rankingrelationson

�
that givenocompletepreorders,evennopartialpreorders

anymore,asno globaltransitivity is formally impliedby Definition5.
The split truth versusfalsenessdenotation,installedby the concordance

principleappearsasapowerful naturalfuzzificationof BooleanLogic (seeBis-
dorff [6]). Indeed,thealgebraicframework of thecredibility calculus,coupled
to its split logical denotation,allows us to solve selection,rankingandclus-
teringproblems(seeBisdorff [3, 5, 8]) directly on thebaseof a moreor less
crediblepairwiseoutrankingrelationwithoutusingintermediatecuttechniques
asis usualin theclassicElectremethods(seeRoy & Bouyssou[18]).

As mentionedearlier, theconcordanceprinciplerequirestheassessmentof
cardinalsignificanceweightsfor all criteria. This requirementrepresentsa
well known weakpoint when it comesto practicaldecisionaid. Numerous
theoreticalandempiricalefforts have thereforebeendevotedto develop ade-
quatemethodologiesfor helpingdefinetheseweightcoefficientsfor different
preferenceaggregationmethods(seeRoy & Mousseau[19, 15]), but few have
consideredtheessentiallysemioticalnatureof thecredibility calculusinstalled
troughthebalancingreasonsproceeding.

3. Semioticalfoundation of the concordanceprinciple

In this sectionwe will thereforeexplore in depththe relationshipbetween
a given family of criteria andits semioticalinterpretationin termsof the un-
derlying cloud of consequences.Our approachclosely follows the classical
measure-theoreticalaxiomatizationof probability theory. Whererandomevents
supportthe probability measure,we usesemioticalinterpretationsto support
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thecredibility calculus.Theamountof truth assessmentknowledge carriedby
the family of criteria is thussupportedby the denotationalsemanticsof the
family of criteriawith respectto thegivenconsequencespectra.In thiswaywe
axiomatizetheconcordanceprinciplein a measure-theoreticalway anda new
versionof thecoherenceaxiomsof thefamily of criteriais presented.

3.1. Credibility versusstateof belief

Indeed,following thePeirciandiscriminationbetweendegreeof credibility
andstateof belief ([16, p.175])givesusa broaderapproachto theproblemof
evaluatingthecredibility, adecision-maker shouldhave in thepropositionthat
a certainaction � outranksanotheraction � on behalfof a givenperformance
tableau.Indeed,Peircestatesthat : “ to expresstheproperstateof our belief,
notonenumberbut twoarerequisite, thefirstdependingontheinferred [cred-
ibility], thesecondon theamountof knowledge on which that [credibility] is
based“ 2

Whentheexhaustivity of the family of criteria is given,a singledegreeof
credibility is solely sufficient for expressingour belief in a given outranking
assertion. But whensuchexhaustivity is not given, the secondnumber, the
actualamountof knowledgeusedto assessthe truthfulnessof this assertion
becomesimportant.

WhatPeircemeansin generalhere,refersto thefactthatsolelyconsidering
a relative credibility degreeor ratio, is necessarilyrestrictedto the condition
thatanuniversal,i.e. constantamountof truthassessmentknowledgeunderlies
all arguments.

To illustrate the point, we may indeedconsiderthat the family of criteria
representsaglobalvotingassemblywith acertainnumberof individualvoters,
eachonerepresentingoneof thegivencriteria. Thisassemblyis split into sub-
assemblies,eachrepresentingthepreferencedimensionmodelledby oneof the
possiblecriteria.

Following this metaphor, the threebasicrequirements,a coherentfamily
of criteria hasto meetin orderto comply to the concordanceprinciple, may
beunderstoodasfollows: – first, concerningexhaustivity, we have to assume
that the union of all sub-assembliescompletelyreturnsthe global assembly.
No significantvotersconcerningthe truth assessmentof a givenassertionare
missingin theglobal assembly;– secondly, to guaranteethe necessarysepa-
rability condition,all votersmustparticipatein at mostonesub-assembly;–
finally, theminimality conditionimposesthateachpartialpoint of view must
berepresentedby atmostonesub-assembly.

2Wehave addedthecredibility term([16, p. 179]).



Logical aggregationof preferences 11

Undertheseconditions,wemaycomputethecredibility of agivenoutrank-
ing situationsimply by dividing the sumof positive votescollectedin each
sub-assemblyby thesumof votersof theglobalassembly. Theconcordance
principlethusappearsasaweightedaverageof truth assessmentsfrommultiple
pointsof view.

More fundamentally, theconceptof significance, understoodastheamount
of truth assessmentknowledge modelledby a singlecriterion, a coalition of
criteria, or even by the exhaustive family of criteria appearsto be of utmost
importance.

We now introduceanexplicit axiomatizationfor measuringthis knowledge
in thecontext of themulticriteriapreferenceaggregationvia theconcordance
principle.

3.2. Basicsemioticsfor a logical credibility calculus

Let
�

be a setof potentialdecisionactionsuponwhich a decisionmakerz
wishesto describehis outrankingpreferences{0| �k_j�

. Let
8 � � �:6 �

representtheperformancetableauelaboratedin adecisionaidprocess.In order
to simplify ourpresentationwemayassumethateachcriterion-function���<6
is modellingadifferentsingleelementarypreferencedimension.

Let ’ �515� ’ beanaffirmativeoutrankingassertion.Whatwehave to axioma-
tize, is theprecisemeasurementof theamountof truth assessmentknowledge
eachpreferencedimension,identifiedin theconsequencespectra

� � ��� , brings
in.

Definition 8. Wecall referentialevaluationof ’ �515� ’ with respectto thesubset}j~ 6 of criteria,theinterpretationof thepair ���C�u�� � ���C���.� ��� of performances
of decisionactions���U��� � onthesubset

}
of criteriain termsof thepractical

significanceof theconcernedsubsetof elementaryconsequences,for warrant-
ing truthor falsenessof ’ �515� ’. Wecall semioticalreferenceanddenote��� } � ,
theresultof a referentialevaluationrestrictedto a subset

}
of criteria.

In accordancewith theuniversalityprincipleof theconstructionof theconse-
quencespectra

� � ��� (seeSection2.1),weassumein thesequelthatareferential
evaluationremainsuniversally constantfor any givensubset

}
of criteriaover

all possiblepairsof decisionactions3.

Definition 8 installs the cognitive processof interpretingcriterial perfor-
mancesin termsof pragmaticconsequences. In thisway, weintroduceinto the
decisionaidmodelthepragmaticgoalof thedecisionmakeraswell ashis(her)
subjectivevaluesystem, i.e. his(her)propersubjective preferencejudgments.

3The universality of the semioticalreferenceover all possiblepairs of decisionactions,as assumedin
Definition8, is ahighly problematicassumptionfrom acognitive pointof view, but dueto spacelimitations,
wedonotdiscussthis issuewithin this contribution.
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Definition 9. Wecall referencefamily � B , thesetof all semioticalreferences��� } � for
} |�6 associatedwith a referentialevaluationof an outranking

relationthroughthefamily 6 of criteria. ��� } � iscalledanelementaryreference
if
}

is confinedto asinglecriterion-function,whereaswecall emptyreference,
a reference��� } � suchthatits significanceis zero.Otherwise��� } � is calleda
composedreference. Wecallexhaustivereference, acomposedreference��� } �
suchthatthesignificanceof thesetof criteria

}
coversthewholeconsequence

cloud.

It is importantto notice that a semioticalreferencein our senseis differ-
ent from the materialstatesof the consequenceswe actually observe in the
performancetableauvia thecorrespondingcriterion-functions.Herewearein-
terestedessentiallyin thesignificanceof thesestates,i.e. thesemiotics4 of the
relationalformula’ �515� ’ in factsupportedby thepairs ���C�u�� � ���C�u�.� ��� of eval-
uations.Theseformulasareseen,in thesenseof Peirce,asiconicsignsfor the
presenceor theabsenceof anoutrankingsituationbetweenthecorresponding
pairof decisionactions.

Definition 10. A finite set �������W����� Bp�R� ��b N�N �a� of � semiotical
references,suchthat �W���j�5� gives an empty reference7 ������+��b N�N � , is
calledamutuallyexclusivereferenceclass.

If thesereferencessignificantlycover thewholeconsequencespectra
� � ��� ,

i.e ������ P �W� givesanexhaustive reference,wecall thisclassanexhaustiveone.
A mutuallyexclusive andexhaustive referenceclassis alsocalleda complete
semioticalreferencesystem.

We arenow preparedfor introducingthe measureof the significance,i.e.
theamountof truth assessmentknowledgecarriedby eachpossiblesemiotical
reference.

Definition 11. Let v denoteanaffirmativeoutrankingassertionassociatedwith
agivenreferencefamily ��B .�  �� B " @ measurestheamountof truth assessmentknowledge captured
byeachpossiblesemioticalreferenceconcerningthepotentialtruthof assertionv asa rationalnumberverifying following structuralconditions:

1 7(�0��� B  � �� �=, f ,
2 If ������� � �d��B �S� � b N�N�N �a� constitutesa mutually exclusive

referenceclassthen � �� � �#D ���� P � ��W� � .
4Generallyspeaking,semioticsonly apply to social interpretationsof signs. But in accordancewith a
Peircianapproach,we mayvery well specializesemioticalconsiderationsto local cognitive contexts, here
thesocialworking context of thedecisionmaker. In this way, we explicitly introducea socialdimension
into thedecisionaidmodel.
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For any semioticalreference,the � measuremay be interpretedasits ab-
solutesignificancemeasure,not in the senseof the utility of the pragmatic
consequencesreferencedperse,asit is thecasefor instancein classicutility
theory, but insteadof theamountof truth assessmentknowledge thepreferen-
tial argument,modelledby thecriterion-functions, is providing. The relative
versionof this significancemeasureis definedasfollows.

Definition 12. Let v denoteanaffirmativeassertionassociatedwith areference
family � containinganexhaustiveandmutuallyexclusive referenceclass¡ of
strictly positive universalmeasure� �¢¡ � . We denote?Z G� " @ , therelative
versionof the � measure:7(�0�<�-B£ O?y�� � � � �� �� �¢¡ � N?y�� � representsthe relativesignificancethat reference� takesin thetruth
assessmentof assertionv . Thus ? modelsa weightdistribution on all possible
partialargumentsconcerningthetruthassessmentof assertionsv .

Proposition 2. Themeasure ? on � B verifiesthefollowing conditions:

1 7(�0�;��BS ¤?y�� �=, f .
2 theweightof anyexhaustivereference¡ equalsb .
3 theweightof an emptyreferenceequalsf .
4 If ���¥��� P � N�N�N �:� � � constitutesa mutuallyexclusivereferenceclass

then ?y�� � � D ���� P ?y�� � � .
Proof. All theseconditionstrivially follow from thedefiningproperties(Defi-
nition 11)andthenormalization(Definition 12)of the � measure.

This lastpropositiongivesus thenecessaryelementsfor reformulatingthe
concordanceprinciplein termsof semioticalreferences.

3.3. Reformulating the concordanceprinciple

Let v representan affirmative assertionassociatedwith a referencefamily�-B . Wedenotev�¦ § thesemioticalrestrictionof assertionv to agivenreference�0��� B .
Thesemioticalrestrictionprinciplegeneratesfor any affirmativeassertionv ,

a family of partial assertionsv ¦ § , oneassociatedwith eachpossiblesemiotical
reference�0�;� B .

Letusfirstconcentrateonthetruthassessmentof suchpartialassertions,that
arerestrictedto elementaryreferences.
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Definition 13. Let v representanaffirmativeassertionassociatedwith a refer-
encefamily ��B containingasetof elementaryreferences.

If ��¨©��� representssuchanelementaryreference,thedegreeof credibilityFc� �.�wv ¦ §�ª � of assertionv ¦ §Vª is definedasfollows:

F � � �wv ¦ § ª � �p« b if ��¨ certainlyconfirmsassertionv ¦ § ªf otherwise

Assertionv ¦ §�ª is warrantedto be:

true if Fe� �.�wv ¦ §Vª � �dbe�
false if F � � �wv ¦ §Vª � �¬f N

Indeed,restrictedto elementarypreferencedimensions,the constructive
methodologyallows us to assumethat the relative measureof significanceof
theargumentrestrictedto anelementaryreference,is b , in thesensethat it is
preciselytheoperationalpurposeof acriterion-functionto mostclearlysignify,
undertheprinciple”toutechosepareilleparailleurs”,whatof thetwo possible
truthvalues(trueor false) isactually thecasewhenlookingatagivenoutranking
situation.

Basedupontheseelementaryreferences,wemaynow recursively definethe
degreeof credibility of theuniversalassertion.

Definition 14. Let v representan affirmative outrankingassertionassociated
with a referencefamily � B supportinga weightdistribution ? andlet ���W����-B �W� �db N�N�N® � denoteacompletesemioticalreferencesystem.ThedegreeF � � of credibility of assertionv is givenby thefollowing recursive definition:

F � � �wv � � ¯I ��� P L ?y���� �=_ F � � �wv ¦ §V° � MCN
Assertionv is warrantedto be:

moreor lesstrue if Fe� �.�wv � � PQ �
moreor lessfalse if Fe� �.�wv �=± PQ �
logically undetermined if Fe� �.�wv � � PQ N

Proposition3. Definitions13and14aboveareidentical totheclassicdefinition
of theconcordanceprinciple (seeDefinition5).

Proof. Indeed,Definition13implementsthesplit of thefamily of criteriaintoa
subset6 4 of criteriain favour of theuniversal assertion, andthecomplementary
subset6YX of criteria in disfavour. Definition 14 implementsthe balancing
reasonsproceeding,whichwesaw beingisomorphicto theclassicconcordance
principle(seeProposition1).
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The elementaryreferenceassociatedwith eachindividual criterion �²�s6
allows a clearpartial truth assessment.In caseof mutualexclusivenessand
universalclosureof theelementaryreferences,universaloutrankingassertions
maybetruthassessedthroughaweightedmeanof credibilitiesassociatedwith
theinvolvedelementaryconsequences.

Wemaythusreformulatethecoherencepropertiesof theunderlyingfamily
of criteria.

3.4. Reformulating the coherenceaxiomsof the family of
criteria

Aggregatingthecredibility degreefor assertionswith acomposedreference,
requiresdecomposingthis referenceinto an exhaustive classof mutually ex-
clusive elementaryreferences.

Proposition 4. Let
�

be a set of decisionactionsevaluatedon a family 6
of criteria. 6 is coherent(in the senseof Definition 6) only if it provides
each affirmativeoutrankingassertionon

�
with a semioticalreferencefamily

containinga setof elementaryreferenceswhich constitutesa completesystem.

Proof. Indeed,Roy’s coherenceproperties,i.e. exhaustiveness,cohesiveness
adminimality areall threeimplied by the fact that theelementaryreferences
associatedwith eachindividual criterion-functionconstituteanexhaustive and
mutuallyexclusive referenceclass.

It is worthwhilenoticingthatProposition4 shows asingleimplicationfrom
theconditionsimposedon thesemioticalreferencefamily towardsRoy’s co-
herencepropertiesof thefamily of criteria. Thesemioticalconditionsappearas
antecedentconditionsfor apossiblecoherenceof thefamily of criteriawhereas
thelatterformulateconsequentconditionsthatconstrain,mainly via thecohe-
sivenessaxiom,theout cominguniversaloutrankingrelation.

Weillustratethesemioticalfoundationof theconcordanceprinciplewith the
following didacticexample5.

3.5. Practical example: Ranking statistic students

Threestudentsin a MathematicsDepartment,specializingin statisticsand
denoted�����U�3�:	3� , are to be ranked with respectto their competenciesin the
following subjects:linear algebra ( ³� ), calculus( 	´� ) andstatistics( µ�¶ ). The
performancesof thestudentsin thesethreesubjectsareshown in Table1.1. We
supposethat in theeye of theassessor, eachsubjectappearsasanelementary
referencefor assessingthetruthof his rankingassertions.Wemaynoticehere

5takenfrom Marichal[14, p. 192].
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Table1.1. Studentsperformancetableau

student ·¹¸ º¢¸ »t¼¸ 12 12 19½
16 16 15º 19 19 12

Table1.2. Credibility of thepairwiseoutrankingassertions¾�¿�À�Á(Â3Ã ¸ ½ º¸ 1.0 0,42 0,42½
0,58 1,0 0,42º 0,58 0,58 1,0

thattheperformancetableaushowsin facttwo oppositerankings,onecommon
for thetwopuremathematicalsubjectsandonefor statistics.Well, thetwomath
resultsclearlysupportthe ranking � ± � ± 	 whereasthe resultsin statistics
supportthe oppositeranking: �Ä�Å�Z�Æ	 . Let us furthermoresupposethat
the assessoradmitsthe following significanceweightsfor theseelementary
referencesin the truth assessmentof his(her)global ranking: ��ÇwÈ �>f N q�É ,� � È �rf N q�É and �ËÊÍÌ �¬f NÏÎ q .Underthehypothesisthatthethreeelementaryreferencesconstituteacom-
pletesemioticalreferencesystem,weareindeedin presenceof acoherentfam-
ily of criteriaandwemaycomputethecredibilitiesof thepairwiseoutrankings
shown in Table1.2.

Thisvaluedglobaloutrankingrelationclearlydenotestherankingsupported
by thepuremathsubjects,aresultthatmayfor instancenotreallyconvincethe
givenassessor, aprofessorin statisticsfor instance. Indeed,(s)hewouldperhaps
moreexpectthebeststudentin statisticstocomefirst. In thishypotheticalcase,
thefamily of criteriawould not verify oneor theotherof the threecoherence
requirements,i.e. exhaustiveness,cohesivenessand minimality. Following
Proposition4, we know now that an incoherentfamily of criteria implies in
factthat thecriteriadon’t provide in this casea completesemioticalreference
system.

And indeed,let’s supposefor instancethatbothstatisticsandcalculussub-
jectspresentsomeoverlappingwith respectto their respective significance!
Indeed,calculusand statisticssubjectsare typically not mutually exclusive
with respectto their semanticcontent,at leastin a MathematicsDepartment.
A studentwhogetsveryhighmarksin statisticsandrelatively low onesin cal-
culuspresentsthereforeasomehow ambiguousprofile. Thestatisticianwould
tendto extendthehigh marksin statisticsto theuniversalevaluation,whereas
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a puremathematicianwould ratherhave the reflex to extendthe low mark in
calculusandlinear algebra to his(her)universalevaluation.

We investigatesuchtypical casesof incoherencesin the next Sectionand
show possibleextensionsto theconcordanceprinciple.

4. Extensionsof the concordanceprinciple

Fromtheclosingexampleof theprevioussection,werecognizethatpossible
originsfor incoherencesin thefamily of criteriamaybethefollowing:

Overlappingcriteria: someelementarysemiotical referencesareactually
notmutuallyexclusive,i.e. thecorrespondingcriteriaappearto bepartly
redundant;

Incompleteperformancetableau: thesetof elementaryreferencessup-
portedby thecriterion-functions don’t provide an exhaustive reference
classand/orwe observe missingperformanceson somecriteria.

Besidestheseinconsistenciesabove, onemay naturallyquestionthe precise
numericalmeasurabilityof the relative significanceof eachcriteria. This is
a well known weak point of the logical approachfor multicriteria reference
aggregationandmany work-aroundshavebeenproposed(seeMousseau[15]).
We do not have the spacehereto discussthis issue,thereforewe postpone
this topic to a futurepublication6 andconcentratenow our attentionfirst, on a
situationwherewe mayobserve partly redundantcriteria.

4.1. Pairwise redundant criteria

To illustratetheproblem,we reconsidertheevaluationof thestatisticsstu-
dents. Let’s assumethat the assessoradmitsfor instancesome ÐefOÑ overlap
betweenthestatisticsandcalculussubjects,i.e. ÐefOÑ of the truth assessment
knowledgeinvolvedin thestatisticperformancesis alsocoveredby thecalcu-
lus performances.Numericallyexpressed,ÐefOÑ _ f NÏÎ q��0f N qmb of theweight
of statistics, or the other side round, Ò Î Ñ _ f N q�ÉÄ�%f N qmb of the weight of
calculusis in fact sharedby botharguments.More anchoredin statisticsfor
instance,our assessorexhibits, for judging this overlappingpart, a tendency
in favour of thevery positive outcomeof the statisticstest. Whereasa more
puremathematicsorientedassessorwould considerfirst the lessbrilliant re-
sult of the sameoverlappingpart in the context of the calculustest, thereby
motivating his(her)morescepticalappreciationof student� . Overlappingof

6We have presenteda purelyordinalversionof theconcordanceprinciple in a communicationat the22nd
Linz Seminaron FuzzySetTheoryon ValuedRelationsandCapacitiesin DecisionTheory, organisedby
E.P. KlementandM. Roubens,February2001(seeBisdorff [7]).
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elementaryreferencesseemsthereforeintroducingunstableandconflictuous
relative weightsof semioticalreferences.

We now formally introducethis potentialoverlappingof semioticalrefer-
ences.

Definition 15. Let v representanaffirmativeassertionassociatedwith a refer-
encefamily � B . Let ��� and �5� beany two referencesfrom � B . We denote���Ó�W�¬�W�2�;�5� thesemioticalreferencesharedbetween�W� and �5� .

Theoretically, any possiblefigureof overlappingcriteriamaybedescribed
by the precedingformalism, but in practicewe areonly interestedin partly
pairwiseoverlappingcriteria.

Definition 16. If nosemioticalreferencemaybesharedbymorethantwoele-
mentaryreferences,i.e. overlappingbetweenelementaryreferencesis reduced
to pairsof elementaryreferences,wesaythatthefamily of criteriais pairwise
decomposable.

In apairwisedecomposablefamily of criteria,elementaryreferencesmaybe
split into pairsof mutuallyexclusive elementaryreferences.Adding to these
sharedreferencesthe exclusive part of eachelementaryreference,we obtain
againa completesemioticalreferencesystem,i.e. a mutually exclusive and
exhaustive referenceclass.

Proposition 5. Let �-B be the referencefamily associatedwith a pairwise
decomposableexhaustivefamilyof criteria 6 . Let �W�¹� , 7 � �db N�N�NU , represent
theexclusiveparts of each elementaryreference �����+� B , i.e. ���T�H���W�^[L'Ô ¯�ÖÕ�2�®� P �W�Ó� � . Thenthe pairwisedecomposedreferenceclass � Q �×���W�Ó�h � �Ö�Ø�db N�N�N: � renders a completesemioticalreferencesystem.

Proof. Indeed,� Q constitutesapartitioncoveringcompletelyall givenelemen-
tary references:

¯Ù��� P ¯Ù�o� P �W�Ó� � ¯Ù��� P ���t� (1.2)7 �©��s���!�W�T�G�;�5�¢�J� Ú¤� (1.3)7Ë� � �Ö� � ��0�.?(�:³ � �Û���Ó���r�WÜ Ç � Ú N (1.4)

Wemaynow evaluatethepairwisedecomposedweight distributionsupported
by thenew completereferencesystem� Q .
Definition 17. Let � � and � � betwo differentelementaryreferencesfrom ��B
supportingrespectively � ��W� � and � ��=� � amountof truth assessmentknowl-
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edgeconcerningassertionv . Theconditionalweightcoefficient? � ¦ � � � ��W�Ó� �� ���� �
capturesformally theoverlappingof reference�5� with respectto reference�W� .

Knowing thustheoverlappingpartbetweentwo elementaryreferences,we
areableto computetheamountof truthassessmentknowledgesharedbetween
them. It is importantto notice,following Proposition5, thatsucha decompo-
sitionof theelementarysemioticalreferencesreturnsin factanexhaustive and
mutuallyexclusivereferenceclass.Thereforeweareableto computearelative
weightdistribution on thepairwisedecomposedelementaryreferences.

Definition 18. Let 6 beapairwisedecomposableexhaustive family of criteria
andlet � Q (seeProposition5) representthe setof pairwisedecomposedele-
mentaryreferences.We denote?��Ó�C� � ± � the relative weightassociatedwith
a sharedsemioticalreference�W�Ó� and ?C�T�¢� � ��b N�NÏ therelative weightassoci-
atedwith �W�T� , theexclusive partof eachelementaryreference�W� . Let � �� Q �
representtheglobal amountof truth assessmentknowledgesupportedby the
completesystem� Q . Formally, 7 � �Ö�Y�db N�NÏ and � �A� :

?C�T�%� � �u[ L D ¯ Ü Õ�(��� P � �� � Ü � M� �� Q � (1.5)? �Ó� � � ����Ó� �� �� Q � (1.6)

In Table1.3weshow thecorrespondingdecompositionfor thethreesubjects
underlyingtheevaluationof thestatisticsstudentsunderthehypothesisthatthe
calculusreferencepresentsa ÐefOÑ overlapwith respectto statisticsreference.
Themarginal distributions ?C��Ý and ?2Ý � shown in Table1.3 allow two different

Table1.3. Exampleof relativepairwisedecomposedtruth assessmentweights

topics ·¹¸ º¢¸ »t¼ Þß ° 0,29 0,29 0,42 1,00ß ° à ·¹¸ º¢¸ »t¼ ß °�á·w¸ 0,37 0 0 0,37º¢¸ - 0,10 0,265 0,365»t¼ - - 0,265 0,265ß á à 0,37 0,10 0,53 1.00

semioticalinterpretationsof thepairwisedecompositionof theelementaryref-
erences,– thefirst morestatisticsand– thesecond,moregeneral mathematics
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oriented.A morestatisticsorientedassessorcouldon theonehandadoptthe
weights ? Ý ÇâÈ �pf NâãCä , ? Ý � È �pf N b�f and ? Ý ÊÍÌ �if N Ð ã , with theconsequencethat
thestatisticsresultswouldprevail in theglobalranking.Themathorientedas-
sessoron theotherhand,couldadopttheotherlimit weights,i.e. ? ÇâÈ Ý �\f NâãCä ,?C� È ÝO�rf Nâã�å Ð and ? ÊÍÌ Ý¤�¬f N q å Ð andtherebyevenmorestresstherankingshown
by boththemathsubjects.

Possibleambiguousinterpretationsappearthusasa suresignof partial re-
dundancy betweencriteria. Well, in orderto stayfaithful with ourdecisionaid
methodology, we will promote,in theabsenceof otherrelevant information,a
neutralinterpretation,situatedin themiddlebetweenbothextremeones.To do
so,we first extendthecredibility calculusto pairwisesharedreferences.

Definition 19. Let v representanoutrankingassertionassociatedwith a refer-
encefamily � containingasetof pairwisedecomposableelementary references.
If �W�Ó����� representsasharedreferencebetweenelementaryreferences�W� and�=� , thedegreeof credibility F2�wv ¦ §V° à � of assertionv ¦ §V° à is givenasfollows:

FG�wv ¦ §V° à � � FG�wv ¦ §�° ��) FG�wv ¦ §¤à �q
If both elementaryreferencesgive unanimousresults,either zeroor one,

theresultingcredibility will be thesameasthecredibilitiesof theunderlying
elementaryreferences.If they disagree,thedegreeof credibility of theirshared
referencepartwill beput to

PQ , i.e. thelogically undeterminedvalue.
Now we may reformulatethegeneraldefinition of theconcordancefor an

universaloutrankingassertionbasedon a pairwisedecomposablefamily of
criteria.

Definition 20. Let v representanoutrankingassertionevaluatedonapairwise
decomposableandexhaustive family of criteria 6 . The correspondingpair-
wisedecomposedelementaryreferencesareassociatedwith a relative weight
distribution ?��Ó� .

Thecredibility F2�wv � of assertionv is computedasfollows:FG�wv � � I � L ?C�¹�uæ�FG�wv ¦ §�° � M ) I�Ï��ç �éèê� L ?C�Ï�Hæ�FG�wv ¦ §�° à � M
On the exclusive partsof the elementaryreferences� � , we keepthe stan-

dardtwo-valuedcredibility denotation,asintroducedin Definition 13. On the
sharedreferenceshowever, we take themeanof bothelementarycredibilities,
asformulatedin Definition 19.

Reconsideringtherankingof thestatisticsstudents,we maynoticein Table
1.4, that the original global outrankingshown by the mathematicaltestshas
beenslightly morestressedaswasbefore(seeTable1.2). This result,perhaps
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Table1.4. Outrankingindex from pairwisedecomposablefamily of criteria¾�¿�À�ÁuÂcÃ ¸ ½ º¸ 1,0 0,4 0,4½
0,6 1,0 0,4º 0,6 0,6 1,0

deceivingthestatisticsorientedassessor, isnevertheless’ logical’ asweconsider
that a large part of the calculustest is now interpreted in fact asa statistical
test. Let us closethis sectionby showing that our extensionis a compatible
extensionof theclassicalconcordanceprinciple.

Proposition 6. Theextendedconcordanceprinciple of Definitions19 and20
is identical to theclassicconcordanceprinciple (seeDefinition5) if no over-
lappingis observed,i.e. if �W�G�;�5���rÚ�7 � �Ö���0b N�NÏ .

Proof. Indeed,in this case,the exclusive part �W�T� becomesidentical to the
originalelementaryreference�W� andwerecovercompletelyDefinitions13and
14of theconcordanceprinciple.

Finally, we may notice, that this extensionof the concordanceprinciple
to pairwisedecomposablefamiliesof criteriastill requiresanexhaustive per-
formancetableau.Thereexist however quite commonlydecisionsproblems,
wherenot all decisionactionshave beenevaluatedon all criteria (see[4, 5]).
Theclassicalconcordanceprincipledoesnot admitsuchmissingevaluations.
Wenow presentacompatibleextensionfor handlingsuchsituations.

4.2. Incompleteperformancetableaux

We have extensively publishedour approachto incompleteperformance
tableaux(seeBisdorff [5, 8]) so that we may only briefly sketch this topic
in thesequel.

Our ideais that in thelimit, if two decisionactions���U��� � have not been
both evaluatedon a given criterion function �ë� � , the credibility FG��=1 & � �
givento theoutrankingassertion’ �=1H� ’ musttake thelogically undetermined
value

PQ .
Now, the more a decisionaction is missingcommonevaluationswith all

the others,the moreits universaloutrankingwith respectto all the others,is
tendingtowardsacredibilityof

PQ . Formally, weadjustDefinition13,giving the
degreeof credibility of anoutrankingsituationobservedon a singlecriterion,
asfollows.

Definition 21. Let ’ �515� ’ representan outrankingassertionevaluatedon a
performancetableauinvolving afamily 6 of criteria. For all ���<6 , thedegree
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of credibility F2��51 & � � of theoutrankingsituationrestrictedto the semiotical
referenceof criterion � is definedasfollows:

F2��51 & � � � ìíÏî b if ���(�� � ���(�.� ��� confirmsassertion’ �51 & � ’ �PQ if �(�� � and/or�(�.� � is undefined�f otherwiseN
Assertion’ �=1 & � ’ is warrantedto be:

true if FG��=1 & � � �dbe�
undetermined if FG��=1 & � � � PQ �
false if FG��=1 & � � �¬f N

With this extensionof the concordanceprinciple, we weight the universal
outrankingindex FG��=15� � with therelative frequency of commonevaluations,
andwe addhalve of the relatively missingevaluationsasconfirmingandthe
otherhalve asnot confirmingthegivenassertion.

This techniqueallows us to take into accountat the sametime sporadic
missingevaluations,but alsocompletelymissingcriteria. In thelattercase,all
decisionactionswill compareon a missingcriterion with a credibility of

PQ ,
i.e. thelogicaldenotationof theoutrankingassertion,restrictedto themissing
criterion,will beundeterminedfor all couplesof decisionactions.

5. Conclusion

In thischapter, wehaveinvestigatedthelogicalandsemioticalfoundationof
theconcordanceprinciple,i.e. thelogical approachto multicriteriapreference
aggregationpromotedsince1970by BernardRoy.

We first showed the denotationalisomorphismwhich exists betweenthis
concordanceprincipleandtheproceedingof balancingreasonsaspromotedby
C.S.Peirce. This result illustratesthe split truth versusfalsenessdenotation
installedby theconcordanceprinciple.

Taking furthermoresupporton thePeirciandistinctionbetweencredibility
andstateof belief concerningapreferentialassertion,weproposeasemiotical
foundationfor the numericaldeterminationof the significance,i.e. the truth
assessmentknowledgecarriedby thefamily of criteria. This approachmakes
apparentthesemioticalrequirementsguaranteeingthecoherenceof afamily of
criteria.

Finally, basedon thesesemioticalrequirements,we proposean extension
of theconcordanceprinciple in orderto supportpairwiseoverlappingcriteria
and/orincompleteperformancetableaux.
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