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tionRe
ently, Pirlot and Bouyssou [1℄ have reported that a stri
t (asymmetri
) outranking relationde�ned similarly to the 
lassi
 outranking [2℄ is in general not identi
al to its 
odual relation, thatis the 
onverse of its negation. This hiatus is problemati
 as the asymmetri
 part of an outrankingrelation is 
ommonly identi�ed as being in fa
t its 
odual relation.1



In this resear
h note we explore this problem in the 
ontext of our bipolar 
redibility 
al
ulus [3�5℄. In a �rst se
tion, following the hint of Pirlot and Bouyssou [1℄, we illustrate formally thisunsound hiatus between the asymmetri
 part and the 
odual in the 
ase of the 
lassi
 outranking
on
ept [6℄. In a se
ond we introdu
e an bipolarly extended veto prin
iple whi
h allows us toextend the de�nition of the 
lassi
 outranking 
on
ept in su
h a way that the identity between itsasymmetri
 part and its 
odual is indeed given.2 The 
lassi
 outranking 
on
ept2.1 Overall preferen
e aggregationLet A = {x, y, z, . . .} be a �nite set of potential de
ision alternatives and F = {1, . . . , n} a 
oherent[2℄ �nite family of n > 1 
riteria.The alternatives are evaluated on ea
h 
riterion i ∈ F on a real performan
e s
ale [0; Mi]supporting a 
onstant or proportional indi�eren
e qi and preferen
e pi dis
rimination thresholdsu
h that 0 6 qi < pi 6 Mi [2℄. The performan
e of alternative x on 
riterion i is denoted xi.In order to 
hara
terize a lo
al at least as good as situation [4, 6℄ between any two alterna-tives x and y of A, with ea
h 
riterion i is asso
iated a double threshold order >i whose bipolar
hara
teristi
 representation r(>i) is given by: (1)r(x >i y) =






1 , if xi + qi > yi

−1 , if xi + pi 6 yi

0 , otherwise.Furthermore, we asso
iate with ea
h 
riterion i ∈ F a rational signi�
an
e weight wi whi
hrepresents the 
ontribution of i to the overall warrant or not of the at least as good as prefer-en
e situation between all pairs of alternatives. Let W be the set of relative signi�
an
e weightsasso
iated with F su
h that (2)W = {wi : i ∈ F}, with 0 < wi < 1 and ∑

i∈F

wi = 1.The bipolar-valued 
hara
teristi
 representation r of the overall �at least as good� relation,denoted >, aggregating all the partial at least as good as situations >i for i ∈ F , is given by: (3)r(x > y) =
∑

wi∈W

wi · r(x >i y),For ea
h 
riterion i ∈ F , we 
an similarly 
hara
terize a lo
al �better than� situation betweenany two alternatives x and y of A with a double threshold order >i and whose bipolar numeri
alrepresentation r(>i) is given by: (4)r(x >i y) =





1 , if xi − pi > yi

−1 , if xi − qi 6 yi

0 , otherwise.Again, the overall �better than� is given by: (5)r(x > y) =
∑

wi∈W

wi · r(x >i y),2



Proposition 2.1The asymmetri
 part, i.e. (x > y) and (y 6> x), of the overall �at least as good� relation > on A isidenti
al to the overall �better than� relation > on A.Proof. For ea
h i ∈ F , r
(
(x >i y) ∧ (y 6>i x)

)
= r(x >i y). Indeed,

r(¬(y >i x)) =






−1 , if yi + qi > xi

1 , if yi + pi 6 xi

0 , otherwise .Corollary 2.2The overall �better than� relation > on A is the 
odual, i.e. the 
onverse of the negation, of theoverall �at least as good� relation > on A.Proof. The double threshold order >i on A for ea
h 
riterion i ∈ F , is the 
odual of the doublethreshold order >i.2.2 The veto prin
ipleIn order to 
hara
terize a lo
al veto situation [4, 6℄ between any two alternatives x and y of A wemay asso
iate to ea
h performan
e s
ale [0; Mi] 
onstant or proportional weak veto (wvi) and veto(vi) dis
rimination thresholds su
h that pi < wvi 6 vi 6 Mi + ǫ for all i in F [6℄.We may thus de�ne on ea
h 
riterion i ∈ F a double threshold order denoted ≪i whi
hrepresents a �seriously less performing than on 
riterion i� situation and whose bipolar numeri
alrepresentation r(≪i) is given by: (6)r(x ≪i y) =





1 , if xi − vi 6 yi

−1 , if xi − wvi > yi

0 , otherwise .Proposition 2.3The lo
al �seriously less performing than� relation is in
luded in the 
onverse of the lo
al �betterthan� relation.Proof. For ea
h i ∈ F , r(x ≪i y) 6 r(y >i x).The bipolar 
hara
teristi
 representation of a �veto� situation [2℄ is now given by the overall dis-jun
tion of lo
al �seriously less performing than� situations: (7)r(x≪ y) = r
( ∨

i∈F

(x ≪i y)
)

= max
i∈F

r(x ≪i y) .It is worthwhile noti
ing that:
• in 
ase wvi = vi, we re
over the 
lassi
 Ele
tre de�nition of the veto prin
iple [2℄;
• in 
ase wvi = vi = Mi + ǫ, the 
riterion i does not support any veto prin
iple;
• in 
ase wvi < vi = Mi + ǫ, the 
riterion only supports a weak veto prin
iple.We are now ready to de�ne the 
lassi
 outranking relation.3



2.3 The 
lassi
 outranking relationThe 
lassi
 outranking situation is de�ned as follows:De�nition 2.1. An alternative x outranks an alternative y, denoted x< y, when1. a signi�
ant majority of 
riteria validates the fa
t that x is performing at least as good as y,i.e. x>y,2. and there is no veto raised against this validation, i.e. x 6≪ y.The 
orresponding bipolar numeri
al representation gives: (8)r(x < y) = r
(
(x>y) ∧ (x 6≪ y)

)
= min

(
r(x>y), r(x 6≪ y)

)Proposition 2.4 (Pirlot and Bouyssou [1℄)Let < be a 
lassi
 outranking relation.1. The asymmetri
 part ≻ of the 
lassi
 outranking relation <, i.e. x< y and y 6< x is in generalnot identi
al to its 
odual relation.2. The absen
e of any weak or strong veto is a su�
ient and ne
essary 
ondition for making theasymmetri
 part ≻ of <, i.e. x< y and y 6< x identi
al to the 
odual of <.3. The absen
e of any strong veto alone is not a su�
ient 
ondition for making the asymmetri
part ≻ identi
al to the 
odual of <.Proof.(1) r(y 6< x) = max
(
r(y 6> x), r(y ≪x)

)
= max

(
r(x> y), r(y ≪x)

) whereas r(x≻ y) =

min
(
r(x< y), r(y 6< x)

)
6 r(y 6< x). The stri
t inequality appears when r(y ≪x) = 1.(2) wvi = vi = Mi + ǫ implies that r(x< y) = r(x> y) and the 
laimed identity follows fromProposition 2.1. Conversely, suppose that wvi 6 vi < Mi + ǫ and there exist a strong vetosituation (r(x ≪i y) = 1) on some 
riterion i ∈ F . In this 
ase min

(
r(x< y), r(y 6< x)

)
=

min
(
− 1, r(y 6< x)

)
= −1 < r(y 6< x) = 1.(3) Suppose that wvi 6 vi = Mi + ǫ and there exist a weak veto situation r(x ≪i y) = 0 on some
riterion i ∈ F with r(x> y) > 0. The 
laim follows in this 
ase from a same argumentationas under (2).As re
ently reported by Pirlot and Bouyssou [1℄, this hiatus between the asymmetri
 part andthe 
odual raises a serious 
on
ern with respe
t to the logi
al soundness of the 
lassi
 outrankingde�nition. Only the absen
e of any veto me
hanism 
an guarantee this somehow ne
essary propertyfrom the point of view of the intended semanti
s of the outranking 
on
ept. But this is vanishingthe very interest of the outranking 
on
ept itself.
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3 Outranking with bipolar veto3.1 The bipolar outranking 
on
eptLet x, y be two de
ision alternatives. We say that x outranks y, denoted x<̃y, if, either, a signi�
antmajority of 
riteria validates a global outranking situation between x and y and no serious 
ounter-performan
e is observed on a dis
ordant 
riterion, or, an ex
ellent performan
e is observed onat least one 
on
ordant 
riteria. In terms of our bipolar numeri
 representation r we obtain thefollowing formal de�nition:De�nition 3.1 (Outranking with bipolar veto). (9)r(x<̃y) = max
[
min

(
r(x > y), r(x 6≪ y)

)
, r(y ≪ x)

]If wvi = vi = Mi + ǫ for all i ∈ F , i.e. in the absen
e of any vetoes, we re
over the previous 
asewhere r(x<̃y) = r(x < y) = r(x > y). If we observe a strong veto, r(x ≪ y) = 1 and no ex
ellentperforman
e for x 
ompared to y, r(y ≪ x) = −1, we obtain r(x<̃y) = −1 and r(y<̃x) = 1.Conversely, if we observe an ex
ellent performan
e for x 
ompared to y, r(y ≪ x) = 1, and noveto, r(x ≪ y) = −1, we obtain r(x<̃y) = 1 and r(y<̃x) = −1. If we observe both a veto and anex
ellent performan
e: r(x ≪ y) = 1 and r(y ≪ x) = 1, we get r(x<̃y) = 1 and r(y<̃x) = 1, i.e.both alternatives are 
onsidered to be globally equivalent.This last result is, however, not satisfa
tory at all, as it implements a blind 
ompensation ofserious 
ounter-performan
es on some 
riteria with ex
ellent performan
es on others.3.2 Doubt versus invalidationA possible way out of this unsatisfa
tory situation is given by the neutral logi
al position of ourbipolar numeri
al representation [3, 4℄. It allows to not de
ide whether a statement is in fa
tvalidated or not. Instead of immediately reje
ting the validation of a global outranking situationwhen observing a notorious 
ounter-performan
e on a dis
ordant 
riterion, it is more opportune totake an indeterminate position with respe
t to its validation or invalidation, to suspend in someway the logi
al assessment.Following this idea, we are going to favour the weak veto prin
iple by always setting the vetothresholds vi to the ine�e
tive value Mi + ǫ on all 
riteria i ∈ F . Thus a veto, the 
ase given, mayonly manifest itself with an absolute weakening of the potential signi�
an
e of the global outrankingstatement.Proposition 3.1When wvi < vi = Mi + ǫ for all i ∈ F , the bipolar outranking de�nition 3.1 is equivalent to thefollowing: (10)r(x<̃y) = max
[
min

(
r(x > y), r(x 6≪ y)

)
, min

(
r(x 6> y), r(y 6≪ x)

)].Proof. We have to distinguish four 
ases. 1. No veto and no ex
ellent 
omparative performan
eis observed: r(x ≪ y) = −1 and r(y ≪ x) = −1. In this 
ase Formula (10) is equivalent toFormula (9). 2. A weak veto and no ex
ellent 
omparative performan
e is observed: r(x ≪ y) = 0and r(y ≪ x) = −1. In this 
ase, r(x<̃y) = min
(
r(x > y), 0

) su
h that only the positive valuesof r(x > y) are 
on
erned with the weak veto. 3. No weak veto, but an ex
ellent 
omparativeperforman
e is observed: r(x ≪ y) = −1 and r(y ≪ x) = 0. In this 
ase, r(x<̃y) = max
(
r(x >5



y), 0
) and only the negative values of r(x > y) are 
on
erned. 4. If both a weak veto and anex
ellent performan
e are observed: r(x ≪ y) = 0 and r(y ≪ x) = 0, r(x<̃y) = 0, i.e. we get anindeterminate situation, and not an equivalen
e as would give Formula (9).It is worthwhile noti
ing that we put here to doubt, either the validation, or, the invalidationof a global outranking situation, and this in pre
isely two ex
lusive (bipolar: � true and false )situations:1. A signi�
ant majority of 
riteria in favour of validating a global outranking situation is 
on-fronted with a serious 
ounter-performan
e on some dis
ordant 
riterion, i.e. ∃i ∈ F : r(x ≪i

y) = 1;2. A signi�
ant majority of 
riteria in disfavour of validating a global outranking situation is
onfronted with an ex
ellent performan
e on some 
on
ordant 
riterion, i.e. ∃j ∈ F : r(y ≪j

x) = 1.3.3 The 
odual of the bipolar outranking relationLet us now show that the 
odual of the outranking relation with the bipolarly extended veto prin
ipleis indeed equal to its asymmetri
 part, whi
h is on turn equal to the stri
t bipolar outrankingrelation.Let ≻̃a ≡ (<̃∧ 64̃) denote the asymmetri
 part of a bipolar outranking relation <̃, and ≻̃cd ≡ 6<̃
−1its 
odual relation, i.e. the 
onverse of its negation. If we de�ne the stri
t bipolar outrankingrelation, denoted ≻̃s, as follows: (11)r(x≻̃sy) = max

(
min(r(x > y), r(x 6≪ y)), r(x ≫ y)

)we obtain the following identities:Proposition 3.2 (12)r(x ≻̃a y) = r(x ≻̃cd y) = r(x ≻̃s y), ∀(x, y) ∈ A2Proof.
r(x ≻̃a y) = min

(
r(x <̃ y), r(y 6<̃ x),

)

= min
(
r(x <̃ y), r(x ≻̃cd y),

)

= r(x ≻̃cd y).

r(x ≻̃cd y) = r(y 6<̃ x)

= −r(y <̃ x)

= −
[
max

(
min(r(y > x), r(y 6≪ x)), r(y ≫ x)

)]

= min
(
max(r(y 6> x), r(y ≪ x)), r(y 6≫ x)

)

= max
(
min(r(x > y), r(x 6≪ y)), r(x ≫ y)

)

= r(x ≻̃s y)6



4 Con
lusionIn this resear
h note we have introdu
ed a new bipolar veto prin
iple whi
h allows us to 
onstru
tan extended bipolar outranking relation whi
h guarantees the formal identity of the 
orrespondingstri
t outranking relation with its asymmetri
 part and its asso
iated 
odual relation. Contraryto the 
lassi
 outranking relation, where an in
omparability situation 
aptures the di�
ulty to
ompensate ex
ellent performan
es with serious 
ounter-performan
es, here we rely on the neu-tral value of the bipolar 
hara
teristi
 
al
ulus for expressing our doubts 
on
erning the e�e
tive
ompensation of su
h 
ontrasted performan
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