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In this researh note we explore this problem in the ontext of our bipolar redibility alulus [3�5℄. In a �rst setion, following the hint of Pirlot and Bouyssou [1℄, we illustrate formally thisunsound hiatus between the asymmetri part and the odual in the ase of the lassi outrankingonept [6℄. In a seond we introdue an bipolarly extended veto priniple whih allows us toextend the de�nition of the lassi outranking onept in suh a way that the identity between itsasymmetri part and its odual is indeed given.2 The lassi outranking onept2.1 Overall preferene aggregationLet A = {x, y, z, . . .} be a �nite set of potential deision alternatives and F = {1, . . . , n} a oherent[2℄ �nite family of n > 1 riteria.The alternatives are evaluated on eah riterion i ∈ F on a real performane sale [0; Mi]supporting a onstant or proportional indi�erene qi and preferene pi disrimination thresholdsuh that 0 6 qi < pi 6 Mi [2℄. The performane of alternative x on riterion i is denoted xi.In order to haraterize a loal at least as good as situation [4, 6℄ between any two alterna-tives x and y of A, with eah riterion i is assoiated a double threshold order >i whose bipolarharateristi representation r(>i) is given by: (1)r(x >i y) =






1 , if xi + qi > yi

−1 , if xi + pi 6 yi

0 , otherwise.Furthermore, we assoiate with eah riterion i ∈ F a rational signi�ane weight wi whihrepresents the ontribution of i to the overall warrant or not of the at least as good as prefer-ene situation between all pairs of alternatives. Let W be the set of relative signi�ane weightsassoiated with F suh that (2)W = {wi : i ∈ F}, with 0 < wi < 1 and ∑

i∈F

wi = 1.The bipolar-valued harateristi representation r of the overall �at least as good� relation,denoted >, aggregating all the partial at least as good as situations >i for i ∈ F , is given by: (3)r(x > y) =
∑

wi∈W

wi · r(x >i y),For eah riterion i ∈ F , we an similarly haraterize a loal �better than� situation betweenany two alternatives x and y of A with a double threshold order >i and whose bipolar numerialrepresentation r(>i) is given by: (4)r(x >i y) =





1 , if xi − pi > yi

−1 , if xi − qi 6 yi

0 , otherwise.Again, the overall �better than� is given by: (5)r(x > y) =
∑

wi∈W

wi · r(x >i y),2



Proposition 2.1The asymmetri part, i.e. (x > y) and (y 6> x), of the overall �at least as good� relation > on A isidential to the overall �better than� relation > on A.Proof. For eah i ∈ F , r
(
(x >i y) ∧ (y 6>i x)

)
= r(x >i y). Indeed,

r(¬(y >i x)) =






−1 , if yi + qi > xi

1 , if yi + pi 6 xi

0 , otherwise .Corollary 2.2The overall �better than� relation > on A is the odual, i.e. the onverse of the negation, of theoverall �at least as good� relation > on A.Proof. The double threshold order >i on A for eah riterion i ∈ F , is the odual of the doublethreshold order >i.2.2 The veto prinipleIn order to haraterize a loal veto situation [4, 6℄ between any two alternatives x and y of A wemay assoiate to eah performane sale [0; Mi] onstant or proportional weak veto (wvi) and veto(vi) disrimination thresholds suh that pi < wvi 6 vi 6 Mi + ǫ for all i in F [6℄.We may thus de�ne on eah riterion i ∈ F a double threshold order denoted ≪i whihrepresents a �seriously less performing than on riterion i� situation and whose bipolar numerialrepresentation r(≪i) is given by: (6)r(x ≪i y) =





1 , if xi − vi 6 yi

−1 , if xi − wvi > yi

0 , otherwise .Proposition 2.3The loal �seriously less performing than� relation is inluded in the onverse of the loal �betterthan� relation.Proof. For eah i ∈ F , r(x ≪i y) 6 r(y >i x).The bipolar harateristi representation of a �veto� situation [2℄ is now given by the overall dis-juntion of loal �seriously less performing than� situations: (7)r(x≪ y) = r
( ∨

i∈F

(x ≪i y)
)

= max
i∈F

r(x ≪i y) .It is worthwhile notiing that:
• in ase wvi = vi, we reover the lassi Eletre de�nition of the veto priniple [2℄;
• in ase wvi = vi = Mi + ǫ, the riterion i does not support any veto priniple;
• in ase wvi < vi = Mi + ǫ, the riterion only supports a weak veto priniple.We are now ready to de�ne the lassi outranking relation.3



2.3 The lassi outranking relationThe lassi outranking situation is de�ned as follows:De�nition 2.1. An alternative x outranks an alternative y, denoted x< y, when1. a signi�ant majority of riteria validates the fat that x is performing at least as good as y,i.e. x>y,2. and there is no veto raised against this validation, i.e. x 6≪ y.The orresponding bipolar numerial representation gives: (8)r(x < y) = r
(
(x>y) ∧ (x 6≪ y)

)
= min

(
r(x>y), r(x 6≪ y)

)Proposition 2.4 (Pirlot and Bouyssou [1℄)Let < be a lassi outranking relation.1. The asymmetri part ≻ of the lassi outranking relation <, i.e. x< y and y 6< x is in generalnot idential to its odual relation.2. The absene of any weak or strong veto is a su�ient and neessary ondition for making theasymmetri part ≻ of <, i.e. x< y and y 6< x idential to the odual of <.3. The absene of any strong veto alone is not a su�ient ondition for making the asymmetripart ≻ idential to the odual of <.Proof.(1) r(y 6< x) = max
(
r(y 6> x), r(y ≪x)

)
= max

(
r(x> y), r(y ≪x)

) whereas r(x≻ y) =

min
(
r(x< y), r(y 6< x)

)
6 r(y 6< x). The strit inequality appears when r(y ≪x) = 1.(2) wvi = vi = Mi + ǫ implies that r(x< y) = r(x> y) and the laimed identity follows fromProposition 2.1. Conversely, suppose that wvi 6 vi < Mi + ǫ and there exist a strong vetosituation (r(x ≪i y) = 1) on some riterion i ∈ F . In this ase min

(
r(x< y), r(y 6< x)

)
=

min
(
− 1, r(y 6< x)

)
= −1 < r(y 6< x) = 1.(3) Suppose that wvi 6 vi = Mi + ǫ and there exist a weak veto situation r(x ≪i y) = 0 on someriterion i ∈ F with r(x> y) > 0. The laim follows in this ase from a same argumentationas under (2).As reently reported by Pirlot and Bouyssou [1℄, this hiatus between the asymmetri part andthe odual raises a serious onern with respet to the logial soundness of the lassi outrankingde�nition. Only the absene of any veto mehanism an guarantee this somehow neessary propertyfrom the point of view of the intended semantis of the outranking onept. But this is vanishingthe very interest of the outranking onept itself.
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3 Outranking with bipolar veto3.1 The bipolar outranking oneptLet x, y be two deision alternatives. We say that x outranks y, denoted x<̃y, if, either, a signi�antmajority of riteria validates a global outranking situation between x and y and no serious ounter-performane is observed on a disordant riterion, or, an exellent performane is observed onat least one onordant riteria. In terms of our bipolar numeri representation r we obtain thefollowing formal de�nition:De�nition 3.1 (Outranking with bipolar veto). (9)r(x<̃y) = max
[
min

(
r(x > y), r(x 6≪ y)

)
, r(y ≪ x)

]If wvi = vi = Mi + ǫ for all i ∈ F , i.e. in the absene of any vetoes, we reover the previous asewhere r(x<̃y) = r(x < y) = r(x > y). If we observe a strong veto, r(x ≪ y) = 1 and no exellentperformane for x ompared to y, r(y ≪ x) = −1, we obtain r(x<̃y) = −1 and r(y<̃x) = 1.Conversely, if we observe an exellent performane for x ompared to y, r(y ≪ x) = 1, and noveto, r(x ≪ y) = −1, we obtain r(x<̃y) = 1 and r(y<̃x) = −1. If we observe both a veto and anexellent performane: r(x ≪ y) = 1 and r(y ≪ x) = 1, we get r(x<̃y) = 1 and r(y<̃x) = 1, i.e.both alternatives are onsidered to be globally equivalent.This last result is, however, not satisfatory at all, as it implements a blind ompensation ofserious ounter-performanes on some riteria with exellent performanes on others.3.2 Doubt versus invalidationA possible way out of this unsatisfatory situation is given by the neutral logial position of ourbipolar numerial representation [3, 4℄. It allows to not deide whether a statement is in fatvalidated or not. Instead of immediately rejeting the validation of a global outranking situationwhen observing a notorious ounter-performane on a disordant riterion, it is more opportune totake an indeterminate position with respet to its validation or invalidation, to suspend in someway the logial assessment.Following this idea, we are going to favour the weak veto priniple by always setting the vetothresholds vi to the ine�etive value Mi + ǫ on all riteria i ∈ F . Thus a veto, the ase given, mayonly manifest itself with an absolute weakening of the potential signi�ane of the global outrankingstatement.Proposition 3.1When wvi < vi = Mi + ǫ for all i ∈ F , the bipolar outranking de�nition 3.1 is equivalent to thefollowing: (10)r(x<̃y) = max
[
min

(
r(x > y), r(x 6≪ y)

)
, min

(
r(x 6> y), r(y 6≪ x)

)].Proof. We have to distinguish four ases. 1. No veto and no exellent omparative performaneis observed: r(x ≪ y) = −1 and r(y ≪ x) = −1. In this ase Formula (10) is equivalent toFormula (9). 2. A weak veto and no exellent omparative performane is observed: r(x ≪ y) = 0and r(y ≪ x) = −1. In this ase, r(x<̃y) = min
(
r(x > y), 0

) suh that only the positive valuesof r(x > y) are onerned with the weak veto. 3. No weak veto, but an exellent omparativeperformane is observed: r(x ≪ y) = −1 and r(y ≪ x) = 0. In this ase, r(x<̃y) = max
(
r(x >5



y), 0
) and only the negative values of r(x > y) are onerned. 4. If both a weak veto and anexellent performane are observed: r(x ≪ y) = 0 and r(y ≪ x) = 0, r(x<̃y) = 0, i.e. we get anindeterminate situation, and not an equivalene as would give Formula (9).It is worthwhile notiing that we put here to doubt, either the validation, or, the invalidationof a global outranking situation, and this in preisely two exlusive (bipolar: � true and false )situations:1. A signi�ant majority of riteria in favour of validating a global outranking situation is on-fronted with a serious ounter-performane on some disordant riterion, i.e. ∃i ∈ F : r(x ≪i

y) = 1;2. A signi�ant majority of riteria in disfavour of validating a global outranking situation isonfronted with an exellent performane on some onordant riterion, i.e. ∃j ∈ F : r(y ≪j

x) = 1.3.3 The odual of the bipolar outranking relationLet us now show that the odual of the outranking relation with the bipolarly extended veto prinipleis indeed equal to its asymmetri part, whih is on turn equal to the strit bipolar outrankingrelation.Let ≻̃a ≡ (<̃∧ 64̃) denote the asymmetri part of a bipolar outranking relation <̃, and ≻̃cd ≡ 6<̃
−1its odual relation, i.e. the onverse of its negation. If we de�ne the strit bipolar outrankingrelation, denoted ≻̃s, as follows: (11)r(x≻̃sy) = max

(
min(r(x > y), r(x 6≪ y)), r(x ≫ y)

)we obtain the following identities:Proposition 3.2 (12)r(x ≻̃a y) = r(x ≻̃cd y) = r(x ≻̃s y), ∀(x, y) ∈ A2Proof.
r(x ≻̃a y) = min

(
r(x <̃ y), r(y 6<̃ x),

)

= min
(
r(x <̃ y), r(x ≻̃cd y),

)

= r(x ≻̃cd y).

r(x ≻̃cd y) = r(y 6<̃ x)

= −r(y <̃ x)

= −
[
max

(
min(r(y > x), r(y 6≪ x)), r(y ≫ x)

)]

= min
(
max(r(y 6> x), r(y ≪ x)), r(y 6≫ x)

)

= max
(
min(r(x > y), r(x 6≪ y)), r(x ≫ y)

)

= r(x ≻̃s y)6



4 ConlusionIn this researh note we have introdued a new bipolar veto priniple whih allows us to onstrutan extended bipolar outranking relation whih guarantees the formal identity of the orrespondingstrit outranking relation with its asymmetri part and its assoiated odual relation. Contraryto the lassi outranking relation, where an inomparability situation aptures the di�ulty toompensate exellent performanes with serious ounter-performanes, here we rely on the neu-tral value of the bipolar harateristi alulus for expressing our doubts onerning the e�etiveompensation of suh ontrasted performanes.Referenes[1℄ Mar Pirlot and Denis Bouyssou. Analysing the orrespondene between strit and non-stritoutranking relations. In Erwin Pesh and GerhardWoeginger, editors, 23rd European Confereneon Operational Researh: Book of Abstrats, Bonn, July 2009. 1, 2, 4[2℄ B. Roy and D. Bouyssou. Aide Multiritère à la Déision : Méthodes et Cas. Eonomia, Paris,1993. 1, 2, 3[3℄ R. Bisdor�. Logial foundation of fuzzy preferential systems with appliation to the eletredeision aid methods. Computers & Operations Researh, 27:673�687, 2000. 2, 5[4℄ R. Bisdor�. Logial foundation of multiriteria preferene aggregation. In Bouyssou D et al.,editor, Aiding Deisions with Multiple Criteria, pages 379�403. Kluwer Aademi Publishers,2002. 2, 3, 5[5℄ R. Bisdor�, M. Pirlot, and M. Roubens. Choies and kernels from bipolar valued digraphs.European Journal of Operational Researh, 175:155�170, 2006. 2[6℄ R. Bisdor�, P. Meyer, and M. Roubens. Rubis: a bipolar-valued outranking method for thebest hoie deision problem. 4OR: A Quarterly Journal of Operations Researh, 6(2):143 �165, june 2008. 2, 3
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